A test was performed to find out if time delay observations of the multiple images of two strongly lensed quasars reflect the theoretical expectation based upon the 2dFGRS/WMAP1 spectrum P (k) of primordial density perturbation. Our estimate of the expected time delay anisotropy is expressed as a simple analytical formula, which when applied to the (observationally non-verifiable) scenario of the CMB resulted in a typical amplitude on par with the calculation of Hu and Cooray (2001) . Our prediction is in substantial disagreement with the temporal (light curve) alignment of the two quasars, in that the observed delay is ∼ 350 times, or five standard deviations, smaller. The probability of this discrepancy being a chance coincidence is completely negligible. Previous investigators only considered the relatively minor effect, on the light arrival times, of the lensing mass itself. If the additional disturbance on the light paths by nonlinear density growths, viz. the galaxies and clusters, are also included with the prediction, the gulf between the standard model and observations will further widen.
Perturbation in the gravitational potential from primordial matter
To perform a verification of time delay in long range inhomogeneous space, we compute the most conservative estimate which neglects altogether the additional effect of non-linearly evolving mass clumps, viz. the large scale structures in the near Universe, by focussing upon only the primordial seed density perturbations that corresponds to the CMB hot and cold spots, as these are the minimal fluctuations at any redshift. During some epoch t, or redshift z, let the typical random excursion of the gravitational potential (from its mean value in a given cosmology) be Φ k at wavenumber k or lengthscale 2πa/k. By Poisson's equation, Φ k is expressible in terms of the matter density variation δ k (z) = δρ k m (z)/ρ m (z) as Φ k = 4πGρ m (z)a 2 δ k (z)/k 2 , where a = a(t) = 1/(1 + z) is the expansion factor. Squaring both sides, we obtain the variance Φ 
Under a matter dominated scenario, δ k ∝ (1 + z) −1 ∝ a, and since ρ m (z) = (1 + z) 3 ρ m (0) = ρ m (0)/a 3 , we see that dΦ 2 k is independent of epoch. Thus it may be written in terms of the present day quantities
where dδ 2 k (0) relates to the z = 0 matter power spectrum P (k) as inferred from WMAP's standard model parameters (or, better still, the WMAP1/2dFGRS external correlation, see below) by
It should be noted, however, that if vaccum energy (or dark energy) rather than matter dominates the low z Universe, Eq. (2) would have slightly overestimated the value of Φ k at an earlier epoch.
Before proceeding further, therefore, we must estimate a strict limit on the inaccuracy of Eq. (2). Under a Λ-dominated scenario, the rapid expansion freezes the density distribution -the masses cannot move fast enough to counter it. As a result, it can be shown that δ k tends to a constant independent of a (i.e. no further growth of density contrasts in the linear regime), and Φ k decreases as a −1 . In a Ω m = 0.3, Ω Λ = 0.7, and h = 0.7 cosmology (Bennett et al 2003 , Spergel et al 2006 , vacuum domination occurs at about z ≈ 0.32 (when Ω m (1 + z) 3 = Ω Λ ). Thus, between z ≈ 0.32 and z = 0, dΦ k decreased from its hitherto constant value by the fraction 1 − a ≈ 30 % (where a refers to the expansion factor at z = 0.32). It is clear then that any lightpath integrations of the potential from z = 0 back to some remote past (or vice versa) will certainly not lead to an overestimation of Φ k by more than 20 % if ones uses Eq. (2) for Φ k .
Assembling Eqs. (2) and (3), and expressing the z = 0 matter spectrum as
so that at small k the power spectrum takes the Harrison-Zel'dovich form P (k) ∼ k, we now have dΦ
where
with H 0 being the Hubble constant and c = 1 here-and-after. At sufficiently large k, corresponding to wavelengths smaller than the size of the Universe (in today's distance scale) during matter-radiation equipartition, P (k) cuts off because the modes could not grow. Thus, in the simple manner by which Eq. (4) depicted the matter spectrum, b ∼ 33 Mpc, the equipartition horizon for a flat Universe with h = 0.7. The advantage of Eq. (4), as we shall soon see, is that it leads to transparent analytical results for cosmological time delays.
In reality, of course, the behavior of P (k) at large k is more complicated than an exponential cutoff. It is possible, however, to break down any general P (k) into constituent terms, each of the form a i ke −b i k , and sum up the time delay fluctuation contributed by each term, because P (k) has the meaning of a variance, i.e. it too is additive. In the next section we shall therefore pursue a satisfactory model of the 2dFGRS/WMAP1 data for the matter spectrum, by decomposing P (k) into the finite series
The resulting value of A that we shall obtain, is
and leads, by Eq. (6), to δΦ ≈ 3 × 10 −5 .
This agrees well with the CMB temperature modulation of 3δT k CMB /T CMB at small k as measured by WMAP (see e.g. Bennett et al 2003) , as it ought to, because from Eq. (5)
where the final step is explained in the material around Eq. (18.14) of Peacock (1999) . The consistency between δΦ as derived from our z = 0 matter spectrum and the large scale CMB anisotropy re-assures us that any corrections we ignored, such as the effect of vacuum domination at z 0.3, are indeed minor.
From Eq. (5) we may work out the correlation function for the perturbing Newtonian potential Φ that arises from the linear growth of primordial density contrasts, as
where Φ is assumed to be time-independent and Gaussian distributed, and in the final step use was made of Eqs. (4) and (6). If P (k) is given by Eq. (7) instead, then the rightmost side of Eq. (11) will be a sum of similar terms, each carrying the exponent b i and multiplied by the coefficient a i .
Cosmological time delay variation from primordial density contrasts
We proceed towards calculating the excursion in time delay along two light paths of equal lengths. Hu and Cooray (2001) published a result in the context of CMB propagation. Their formulae are cast in terms of spherical harmonics, and are neither analytical nor expressed sufficiently generically to be applicable to discrete non-CMB sources, concerning which the multipole expansion technique is irrelevant. Since there is no current way of testing any CMB time delays, it is necessary to pursue a simpler and more transparent approach which deals only with a pair of light paths connecting us and some post-decoupling redshift.
Our starting point is a flat Universe having its average density at the critical value, as required by the WMAP observations (Bennett et al 2003 , Spergel et al 2006 . We employ Cartesian comoving coordinates and the conformal time coordinate τ , so that light propagates along the null geodesics of the metric
Let light signals arrive at the observer's origin from a source at (x, 0, 0). Although the signal is coming towards us, we can, by optical reciprocity, solve the equation starting at x = 0 and following its path backwards.
Suppose a signal arrives from a direction making a small angle θ w.r.t. the x axis. This may correspond to some 'off-axis' point on the last scattering surface in the case of the CMB (Hu & Cooray 2001) , or an image on the lensing plane P created by a strongly lensed background source S when the reference angle θ = 0 marks the position on P of another (multiple) image of the same source. In the first example x is the comoving distance to last scattering, while in the second -the problem of primary concern to this paper -it is the distance between us and the plane P. The conformal time of travel for our light signal is, from Eq. (12),
with an ensuing time delay of
if we set a(z = 0) = a 0 = 1.
The relative delay in the arrival time between the above signal and another one emitted simultaneously from the same distance, but along the 'on-axis' direction θ = 0 is
where ∇ is the gradient operator transverse to the vector x. From Eq. (11) we can construct the correlation function
which enables us to derive the variance in the relative time delay, (
(17) where in the last step we transformed to the the new variablesx = 1 2 (x 1 +x 2 ) andx = x 1 −x 2 . The resulting integrand is symmetric inx, so we can restrict the range ofx to positive values. Finally, taking the limit b ≪ x, we arrive at
where we re-inserted the speed of light c, and the second equation applies to a matter spectrum P (k) having the more general form of Eq. (7).
Quantitative time delay estimates using the 2dFGRS/WMAP1 matter power spectrum
To obtain concrete numbers for (δT θ ) 2 we need the spectrum P (k). The most up to date data are from the 2dFGRS galaxy survey (Cole et al 2005) after they are deconvolved and aligned with the WMAP1 normalization by setting the σ 2 8 parameter to σ 2 8 = 0.74 (Sanchez et al 2006) . We found that the resulting dataset can adequately be fitted with a function for P (k) of the form given by Eq. (7) and involving three exponential terms, with the value of A as already quoted in Eq. (8) and the values of a i and b i (i = 1,2,3) as shown in Table 1 . This best-fit spectrum, which closely follows that of WMAP1's ΛCDM model (Spergel et al 2003) is plotted in Figure 1 .
Our model P (k) parameters of Table 1 may now be substituted into Eq. (18) to calculate observables. At the first CMB acoustic peak θ ≈ 0.017 and x = 14.02 Mpc. Applying the value of δΦ as given in Eq. (9), one obtains δT θ ≈ 10 13 s, corresponding to a thickness of cδT θ ≈ 0.1 Mpc for the last scattering surface. This is on par with, though more conservative than, the ∼ 1 Mpc value quoted in the abstract of Hu & Cooray (2001) as a typical length scale for the CMB time delay variations due to the primordial matter distribution. Fig. 1 .-The best P (k) model of the WMAP1 normalized 2dFGRS data as given by Eq. (7) with A = 1 and the remaining parameters as shown in Table 1 . The Hubble constant assumed is h = 0.7.
Time delays along two light paths from the lensed quasar SDSS J1004+4112: prediction of the standard ΛCDM cosmology and its inconsistency with observations
While the CMB does not afford any obvious means of checking theoretical predictions of time delay, strong lensing multiple images of a background quasar S can and does provide Table 1 : Parameters (with 1-σ errors) for the best P (k) model of the WMAP1 normalized 2dFGRS data (h = 0.7). The form of the model is given by Eq. (7). Three exponentials were needed to fit the data. Let two of such multiple images be at the positions A and B on the plane P of some intervening lens L, and let the observer be at O. Denote the angle that the line AB subtends at S and at O by θ 1 and θ 2 respectively, likewise the comoving distance of S and O from P by d 1 and d 2 . In a flat Universe. distances add, so that OS = d 1 + d 2 ; moreover, the time delay along the light path SAO equals the sum of the delays along the SA path and the AO path (the same holds for the path SBO). This leads to the conclusion that the total variance (δT ) 2 in the arrival time difference between SAO and SBO is the sum of two parts: the variance in the relative delay between (a) SA and SB; and (b) AO and BO. Now (b) is clearly given by Eq. (18) with x = d 2 and θ = θ 2 . Concerning (a), by optical reciprocity it is the same as the variance in the relative delay between the paths AS and BS, hence Eq. (18) again with x = d 1 and θ = θ 1 . Thus, altogether we have
Note that in Eq. (19) we ignored the time delay due to the gravitational potential of the lens L itself, and the correlation between the two variances on the right side of Eq. (19) in the neighborhood of L. The former is negligible in the applications to which we now turn, and the latter exerts a very slight correction that cannot have much significance, since the main contribution to the total variance arises from those portions of the light path lying way beyond L.
Most recently, a long term monitoring campaign of the hitherto largest gravitationally lensed quasar SDSS J1004+4112 revealed a time delay of δT = 38.4 ± 2.0 days (20) between the light curves for two of the multiple images A and B which are separated by an angular distance of θ 2 ≈ 4 arcsec (Fohlmeister et al 2006) . In a Ω m = 0.3, Ω Λ = 0.7, and h = 0.7 cosmology, the distances are d 1 = 2.32 Gpc, d 2 = 2.45 Gpc (corresponding to z = 1.734 for S, and z = 0.68 for L, which is a cluster), and moreover the angle θ 1 ≈ 4.2 arcsec. Thus, substituting into Eq. (19) and using Eq. (9) and Table 1 , we obtain the expected random component in the relative time delay, of magnitude δT = 39.4 ± 8.0 years (21) between the light curves for image A and image B, due to the perturbation of the primordial matter distribution. Note that 81.5 % of the contribution to the δT of Eq. (21) is from the a 1 and b 1 parameters of Table 1 , i.e. the uncertainty in P (k) at large k plays a minor role towards reducing δT , notwithstanding non-linear structure formation, which enhances P (k) and (hence) δT , as the chief source of this uncertainty. Furthermore, we already saw that the lowering of our prediction due to vacuum domination at low z is also ≈ 20 % at the utmost.
In Fohlmeister et al (2006) there was only a comparison between the observed delay of Eq. (20) and predictions based upon the systematic effect of the mass profile of L alone. The result was a marginal agreement, in the sense that the latter falls short of the former by 30 %. The important point not recognized by Fohlmeister et al (2006) is that the predominant cause of delay, a random phenomenon which arises from primordial matter affecting the bulk of the lightpaths outside L, far exceeds the delay at L. Yet the gross inconsistency between Eqs. (20) and (21), which are discrepant by a factor ∼ 350 and at the 5 σ level of statistical quality, indicates clearly that this main delay is not seen.
An independent test of the above is available from the z = 1.689 quasar HE0435-1223, lensed by a foreground galaxy at z = 0.4541 (Kochanek et al 2006) Using the aforementioned cosmological paremeters of the standard model, we have d 1 = 4.70 Gpc, θ 1 = 0.74 arcsec; and d 2 = 1.74 Gpc, θ 2 = 2 arcsec for the two images marked A and D in the paper. Eqs. (9), (19) and Table 1 then gives a primordial matter induced relative delay of ≈ 16.2 ± 3.0 years between A and D, whereas the observed value of 14.4 ± 0.8 days reveals essentially the complete irrelevance of Eq. (19). It should be emphasized that, since the number of strong lensing detections to date is still relatively small, and the subset with timing measurements available even smaller, the scenario of a pair 5 σ discrepancies like the ones reported here occurring by random chance coincidence is completely out of the question.
We conclude that the time delay due to the minimal level of matter density perturbations responsible for the CMB anisotropy appears not to be supported by observations. The author thanks Shaun Cole and Tom Kibble for helpful discussions.
